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Abstract
In this article, we study the magnitude homology of geodesic metric
spaces of curvature ≤ κ, especially CAT(κ) spaces. We will show that the
magnitude homology MHln(X) of such a meric space X vanishes for small
l and all n > 0. Conseqently, we can compute a total Z-degree magnitude
homology for small l for the shperes Sn, the Euclid spaces En, the hyperbolic
spaces Hn, and real projective spaces RPn with the standard metric. We also
show that an existence of closed geodesic in a metric space guarantees the
non-triviality of magnitude homology.
1 Introduction
The magnitude is an invariant of enriched categories introduced by Leinster ([4])
as a generalization of the cardinality of sets, the rank of vector spaces, and the Eu-
ler number of topological spaces. In particular, for finite metric spaces, magnitude
measures the number of efficient points.
The magnitude homology MHln, introduced by Hepworth-Willerton and Leinster-
Shulman ([3], [5]), is a bi-graded Z-module indexed by non-negative real numbers
l and non-negative integers n, defined for general metric spaces. As shown by
them, for finite metric spaces, the magnitude homology is a categorification of the
magnitude.
Some computations of magnitude homology is studied for graphs by Hepworth-
Willerton([3]), for convex subsets inRn by Leinster-Shulman ([5]), for the geodesic
circle by Kaneta-Yoshinaga ([6]), and for geodesic spheres by Gomi ([2]).
Since the motivation and the formulation of magnitude homology are alge-
braic, several authors study it from a view point of algebra and category theory.
On the other hand, its geometric meaning is gradually getting clarified in the study
of Leinster-Shulman, Kaneta-Yoshinaga, and Gomi ([5], [6], [2]).
In this article, we study magnitude homology from a view point of metric
geometry, and clarify that the curvature of metric spaces effects heavily on the
triviality of magnitude homology. We also investigate its connection with closed
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geodesics because magnitude homology is defined as Hochschild cohomology,
which is well known to be deeply related to free loop spaces.
Let (X, d) be a metric space. A quadruple (x0, x1, x2, x3) ∈ X4 is called 4-cut
if (1) xi , xi+1 for 0 ≤ i ≤ 2, (2) d(xi, xi+2) =
∑i+1
j=i d(x j, x j+1) for 0 ≤ i ≤ 1, and
(3) d(x0, x3) <
∑2
j=0 d(x j, x j+1) are satisfied. Let mX be the infimum of the length∑2
j=0 d(x j, x j+1) of 4-cuts (x0, x1, x2, x3) in X. This invariant is first introduced in
[6] and is very important for the study of magnitude homology. We clarify its
metric geometrical interpretation by the following theorem stated as Theorem 4.5
in this artcle. The invariant lX measures the infimum length of locally geodesic
path which is not a geodesic. See Definition 4.3 for the detail. Let Dκ be pi/
√
κ
for κ > 0 or +∞ for κ ≤0.
Theorem . For a geodesic CAT(κ) space (X, d), we have
Dκ ≤ mX ≤ lX.
The following is stated as Corollary 4.6.
Corollary . Let (X, d) be a geodesic CAT(κ) space. Then for every n > 0 and
0 < l < Dκ, the magnitude homology MH
l
n(X) vanishes.
Since the magnitude homology is defined as a generalization of Hochschild
homology of associative algebras in [5], it is interesting to investigate some rela-
tion with the existence of closed geodesics. The following is stated as Theorem
5.3. See Definition 5.1 for the definition of closed geodesics.
Theorem . Let X be a metric space. If there exists a closed geodesic of radius r
in X, then we have MHpir
2
(X) , 0.
We also study a metric space with bouded curvature which is not CAT(κ). The
injectiviti radius ιX is the supremum of r such that any pair of points distance < r
apart can be joined by the unique geodesic. The following is stated as Proposition
6.4.
Theorem . Let (X, d) be a proper geodesic metric space of curvature ≤ κ. If the
injectivity radius ιX is no greater than Dκ, then we have
ιX ≤ mX.
The systole Sys(X) is the infimum of length of closed geodesics in X. The
following is stated as Corollary 6.5.
Corollary . Let X be a cocompact proper geodesic metric space of curvature ≤ κ
which is not CAT(κ), or the standard sphere. Then for every n > 0 and every
0 < l < ιX = Sys(X)/2, the magnitude homology MH
l
n(X) vanishes.
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This article is organized as follows. In section 2, we briefly recall some nota-
tion and fundamental facts on metric geometry. In section 3, we briefly recall the
definition of magnitude homology and some facts on them studied in [6]. In sec-
tion 4, we study the magnitude homology of CAT(κ) spaces through the invariants
mX and lX. We also compute the magnitude homology of some simply connected
complete Riemannian manifolds as examples. In section 5, we study how closed
geodesic in a metric space effects on the magnitude homology. This is motivated
by the fact magnitude homology is defined as a generalization of Hochschild ho-
mology in [5]. In section 6, we study the magnitude homology of non-CAT(κ)
metric spaces whose curvature is bouded from above through the invariants ιX and
Sys(X). We also compute the magnitude homology of real projetive spaces RPn
with standard metric as an example.
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2 Preliminary on metric geometry
In this section, we briefly recall some notations on metric geometry from [1].
Definition 2.1. Let (X, d) be a meric space, and c be a positive number. A path
γ : [0, c] → X is a linearly reparametrized geodesic connecting γ(0) and γ(1) if it
satisfies d(γ(t), γ(s)) = λ|t − s| for every 0 ≤ s ≤ t ≤ 1 and for some λ ≥ 0. When
λ = 1 we call such a path geodesic.
Definition 2.2. A metric space X is geodesic if for each pair of points a, b ∈ X,
there exist a geodesic connecting them. Furthermore, if such a geodesic is unique,
then X is called uniquely geodesic.
We sometimes denote a geodesic from some interval connecting a and b in a
metric space X, by [a, b].
Definition 2.3. Let a, b, c be points in a metric space X, and let [a, b], [b, c], [c, a]
be geodesics from some intervals connecting each pair of points. The union of
these geodesic images ∆abc := [a, b] ∪ [b, c] ∪ [c, a] is called a geodesic triangle.
Let S κ be a simply connected surface of constant sectional curvature κ for
κ ∈ R. Note that for every geodesic triangle ∆abc in a metric space X, there exist
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a geodesic triangle ∆˜abc in S κ whose sides have the length precisely equal to the
length of corresponding sides of ∆abc. We also note that if the inequality
d(a, b) + d(b, c) + d(c, a) < 2Dκ
is satisfied for
Dκ :=

pi/
√
κ κ > 0
+∞ κ ≤ 0 ,
then such a triangle is uniquely determined up to congruence. The following is a
fundamental fact on elementary geometry known as Alexandrov’s lemma.
Proposition 2.4 ([1] Lemma I.2.16). Let A, B, B′,C be distinct points in S κ. If
κ > 0, we assume that d(A, B)+ d(B,C)+ d(C, B′)+ d(B′, A) < 2Dκ and d(B,C)+
d(C, B′) < Dκ. We suppose that B and B′ lie on opposite sides of the line through
A and C. Let α, β, γ(respectively α′, β′, γ′) be the angles of a triangle ∆(resp. ∆′)
with vertices A, B,C(resp. A, B′,C). We assume that γ+γ′ ≥ pi. Let ∆ be a triangle
on S κ with vertices A, B, B′ such that d(A, B) = d(A, B), d(A, B′) = d(A, B′) and
d(B, B′) = d(B,C) + d(C, B′). Let α, β, β′ be the angles of ∆ at A, B, B′. Then we
have
β ≥ β, β′ ≥ β′.
Definition 2.5. A geodesic triangle ∆abc in a metric space X is κ-small if the in-
equality d(a, b)+d(b, c)+d(c, a) < 2Dκ is satisfied. For a κ-small geodesic triangle
∆abc, the corresponding triangle ∆˜abc in S κ is called the comparison triangle in S κ.
Definition 2.6. Let ∆abc = [a, b] ∪ [b, c] ∪ [c, a] be a geodesic triangle in a metric
space (X, d), and let ∆˜abc = [a˜, b˜] ∪ [b˜, c˜] ∪ [c˜, a˜] be its comparison trinangle in
S κ. A point s˜ ∈ [a˜, b˜] is the comparison point of s ∈ ∆abc if s ∈ [a, b] and
d(a˜, s˜) = d(a, s) is satisfied. We similary define the comparison points for points
on [b˜, c˜] and [c˜, a˜].
The following notion of CAT(κ) space plays a fundamental role in this paper.
Definition 2.7. A metric space (X, d) is CAT(κ) if for every κ-small geodesic tri-
angle ∆abc in X and for every pair of points s, t ∈ ∆abc, the CAT(κ) inequality
d(s, t) ≤ dS κ(s˜, t˜)
holds for the comparison points s˜ and t˜.
Example 2.8. Apparently, the 2-sphere S κ of constant sectional curvature κ, the
Euclid plane S 0, and the hyperbolic plane S −κ of sectional curvature −κ < 0 are
CAT(κ),CAT(0), and CAT(−κ) respectively.
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More generally, we have the following.
Proposition 2.9. A complete simply connected Riemannian manifold with sec-
tional curvature ≤ κ is CAT(κ).
Hence for example, we have the following examples of CAT(κ) spaces. Let
S
n
κ = {(x0, . . . , xn) ∈ Rn+1 |
∑n
i=0 x
2
i = 1/κ} be the n-sphere of radius 1/
√
κ equipped
with the geodesic metric.
Example 2.10. Let n ≥ 2. The n-sphere Snκ of radius 1/
√
κ, the n-dimensional
Euclid space En, and the n-dimensional hyperbolic spaceHn of sectional curvature
−κ < 0 are CAT(κ),CAT(0), and CAT(−κ) respectively.
We denote the circle {(x0, x1) ∈ R2 | x20 + x21 = r2} of radius r equipped with
the geodesic metric by Cr. The following is immediate.
Example 2.11. The circle C1/
√
κ is CAT(κ).
A connected undirected metric graph with no cycles is called a tree.
Example 2.12. Every tree is CAT(0).
We introduce the following notion of the angle.
Definition 2.13. Let c1 and c2 be geodesics in X with the same start point C. We
define the angle between c1 and c2 at C by
∠C := limsupε,ε′→0∠˜c1(ε)Cc2(ε
′),
where ∠˜c1(ε)Cc2(ε
′) is the angle of the comparison triangle ∆˜c1(ε)Cc2(ε′) at C˜ in the
Euclid plane S 0.
The following are fundamental. See for example [1] for the proof.
Proposition 2.14 ([1] Proposition I.1.14). Let X be a metric space and let c, c′ and
c′′ be geodesics in X starting from the same point p. Then we have
∠(c′, c′′) ≤ ∠(c, c′) + ∠(c, c′′).
Proposition 2.15 ([1] Proposition II.1.7). Let κ ∈ R. For a geodesic metric space
(X, d), the following are equivalent.
(i) (X, d) is CAT(κ).
(ii) For every κ-small geodesic triangle ∆abc, the angles at a, b and c are no
greater than the corresponding angles of the comparison triangle ∆˜abc in S κ.
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The following proposition is technical but singnificant in this paper.
Proposition 2.16 ([1] Lemma II.4.11). Let κ be a real number, and X be a metric
space of curvature ≤ κ. Let q : [0, 1] → X be a linearly reparametrized geodesic
connecting two distinct points q(0) and q(1), and let p be a point in X which
is not on the image of q. Assume that for each s ∈ [0, 1], there is a linearly
reparametrized geodesic cs : [0, 1] → X connecting p and q(s), varying contin-
uously with s. We further assume that the geodesic triangle ∆q(0)pq(1) is κ-small.
Then the angles of ∆q(0)pq(1) at q(0), p and q(1) are no greater than the correspond-
ing angles of any comparison triangle ∆˜q(0)pq(1) in S κ.
We study not only CAT(κ) spaces, but also locally CAT(κ) spaces. We recall
some fundamental notions on them.
Definition 2.17. Ametric space X is of curvature ≤ κ if for each point x ∈ X there
exist rx > 0 such that the ball B(x, rx) with the induced metric is CAT(κ).
The following well-known fact due to Alexandrov supports the significance
for studying metric spaces of curvature ≤ κ.
Proposition 2.18 ([1] Theorem I.1A.6). A smooth Riemannian manifold is of
curvature ≤ κ if and only if its sectional curvature is ≤ κ.
Example 2.19. The standard projective space RPn for n ≥ 2 is of curvature ≥ 1.
Furthremore, it is not CAT(1) since a closed geodesic which lifts to the geodesic
semi-circle on Sn does not satisfy the CAT(1) angle condition.
Definition 2.20. For a metric space X, the injectivity radius ιX is the supremum of
r ≥ 0 such that any two point of distance < r is connected by the unique geodesic.
The systole Sys(X) is the infimum of the length of closed geodesic in X if there
exist some, or 0 otherwise.
The following propositions shows the significance of the notions of the in-
jectivity radius and the systole. See for example [1] for the proof. A metric
space X is called cocompact if there exist a compact subset K ⊂ X such that
X =
⋃
f∈Isom(X) f K holds.
Proposition 2.21 ([1] Proposition II.4.16). Let X be a cocompact proper geodesic
metric space of curvature ≤ κ. Then X fails to be CAT(κ) if and only if there
exists a closed geodesic of length < 2Dκ. Moreover, if there exist such a closed
geodesic, then there exist a closed geodesic of length Sys(X) = 2ιX.
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3 Preliminary on magnitude homology
In this section, we briefly recall some notations on magnitude homology from [6].
Through this section, (X, d) denotes a metric space unless otherwise mentioned.
Definition 3.1. An (n + 1)-tuple (x0, . . . , xn) ∈ Xn+1 is called an n-chain of X. An
n-chain is proper if xi , xi+1 for all 0 ≤ i ≤ n. The length |x| of n-chain x is
defined by
|x| :=
n−1∑
i=0
d(xi, xi+1).
We denote the set of all proper n-chains of length l by Pln(X), and Pn(X) de-
notes the union of them running through all l ≥ 0. Let MCln(X) be the abelian
group freely generated by Pln(X).
Definition 3.2. Let a and b be points in X. A point c ∈ X is smooth between a
and b if the equality d(a, b) = d(a, c) + d(c, b) holds. We denote a ≺ c ≺ b if c is
a smooth point between a and b with a , c and b , c.
Definition 3.3. The magnitude chain complex (MCl∗(X), ∂∗ :=
∑∗
i=1(−1)i∂in) is
defined by
∂in(x0, . . . , xn) =

(x0, . . . , xˆi, . . . , xn) (if xi−1 ≺ xi ≺ xi+1)
0 (otherwise).
The homology group of magnitude chain complex is called the magnitude homol-
ogy group of X, and denoted by MHl∗(X).
Definition 3.4. If the point xi of x = (x0, . . . , xn) ∈ Pn(X) is not a smooth point
between xi−1 and xi+1, then we call it a singular point of x. We set the endpoints
x0 and xn singular points. Let ϕ(x) = (xs0 = x0, xs1 , . . . , xsk = xn) ∈ Pk(X) be the
tuple of all singular points of x. We call ϕ(x) the frame of x. A chain x ∈ Pln(X) is
geodesically simple if |ϕ(x)| = |x| holds.
Let PFn (X) be the set of all geodesically simple n-chains whose frame is F ∈
P
|F|
≤n(X) :=
⋃
k≤n P
|F|
k
(X). We denote the abelian group freely generated by PFn (X)
by MCFn (X). We set
MC
simp,l
n (X) :=
⊕
F∈Pl≤n(X)
MCFn (X).
Note that both MCF∗ (X) and MC
simp,l
n (X) are subcomplexes of MC
∗
∗(X), and we
denote their homology by MHF∗ (X) and MH
simp,l
n (X) respectively.
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Definition 3.5. A proper 3-chain x = (x0, x1, x2, x3) is a 4-cut if ϕ(x) = (x0, x3)
and d(x0, x3) < |x| holds.
Definition 3.6. We define mX to be the infimum of the length of 4-cuts in X.
The following theorem is shown in [6].
Theorem 3.7 ([6] Theorem 3.12, Theorem 5.11). (1)
MH
simp,l
n (X) 
⊕
F∈Pl≤n
MHFn (X).
(2) For n > 0 and 0 < l < mX,
MH
simp,l
n (X)  MH
l
n(X).
(3) For a proper 1-chain F = (x0, x1), the natural map
MHFn (X) → MH |F|n (X)
is injective.
Definition 3.8. Let a and b be points in X. The interval poset I(a, b) is a poset
which consists of smooth points between a and b, and the partial order ≤ among
them is defined by
x ≤ y ⇔ a ≺ x  y.
Note that this definition is equvalent to
x ≤ y ⇔ x  y ≺ b.
We recall the definition of the order complex and its reduced chain complex
of a poset.
Definition 3.9. Let P be a poset. The order complex of P denoted by ∆(P) is
the abstract simplicial complex whose n-simplices are the subsets {x0, . . . , xn} of
P such that x0 ≺ · · · ≺ xn. Its reduced chain complex denoted by (C∗(∆(P)), ∂∗) is
defined by
Cn(∆(P)) =

⊕
x0≺···≺xn Z〈x0, . . . , xn〉 n ≥ 0,
Z n = −1,
0 n < −1,
and ∂n =
∑n
i=0(−1)i∂in with
∂in(〈x0, . . . , xn〉) =

〈x0, . . . , xˆi, . . . , xn〉 n ≥ 0,
0 n < 0.
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The following theorem is also shown in [6].
Theorem 3.10 ([6] Corollary 4.5). For a proper m-chain F = (x0, . . . , xm), we
have
MHFn (X)  Hn−2m(C∗(∆0,1) ⊗C∗(∆1,2) ⊗ · · · ⊗C∗(∆m−1,m)),
where C∗(∆i,i+1) is the reduced chain complex of ordered complex ∆(I(xi, xi+1)).
4 Magnitude homology of CAT(κ) spaces
In this section, we study the magnitude homology of CAT(κ) space X. We will
show that the magnitude homology MHln(X) vanishes for 0 < l < Dκ and n > 0.
Conseqently, we can compute a total Z-degree magnitude homology for some
length l for the spaces in Examples 2.10, 2.11, and 2.12. For the purpose, we
introduce a quantity lX for a metric space X.
Definition 4.1. Let X be a metric space. A continuous map γ : [0, c] → X is
locally geodesic if for every t ∈ [0, c], there exists a neighborhood U of t such that
γ|U is a geodesic.
Definition 4.2. Let (X, d) be a metric space, and let γ : [0, c] → X be a continuous
map. We define the length of γ by
|γ| := sup
0=t0≤t1≤···≤tn=c
n∑
i=0
d(γ(ti), γ(ti+1)),
where the supremum is taken over all partitions of [0, c].
Definition 4.3. For a metric space X, we define lX to be the infimum of length of
locally geodesic paths which is not geodesics.
Lemma 4.4. For a geodesic CAT(κ) space (X, d), we have
Dκ ≤ lX.
Proof. Assume lX < Dκ. Then there exists a map γ : [0, c] → X which is locally
geodesic but not a geodesic, satifying lX ≤ |γ| < Dκ. Let a be the supremum of
the numbers 0 < t < c such that γ|[0,t] is a geodesic. Then γ|[0,a] is a geodesic by
the continuity of d. Note that a is positive since γ is locally geodesic. Let b be
the supremum of numbers a < t ≤ c such that γ|[a,t] is a geodesic. Then γ|[a,b] is
also a geodesic, and b is positive. Let δ be a geodesic between γ(0) and γ(b). (See
Figure 1.) By the assumption |γ| < Dκ, the geodesic triangle ∆γ(0),γ(a),γ(b) satisfies
d(γ(0), γ(a)) + d(γ(a), γ(b)) + d(γ(b), γ(0)) < 2Dκ. Hence ∆γ(0),γ(a),γ(b) is κ-small.
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Figure 1: Description for the proof of Lemma 4.4
Note that its angle at γ(a) is pi because γ is locally geodesic. Therefore by the
CAT(κ) condition for angles in Proposition 2.15, the angles of the comparison
triangle of ∆γ(0),γ(a),γ(b) at γ˜(0) and γ˜(b) are both 0. By the CAT(κ) condition for
length, there is a 1-1 correspondence between γ|[0,b] and δ, which implies γ|[0,b] is
a geodesic. This contradicts the definition of a. 
Recall that the quantity mX is the infimum of the length of 4-cuts in X. (Defi-
tiniton 3.6.)
Theorem 4.5. For a geodesic CAT(κ) space (X, d), we have
Dκ ≤ mX ≤ lX.
Proof. We first show the former inequality. Assume mX < Dκ. Then there exists
a 4-cut x = (x0, x1, x2, x3) in X with mX ≤ |x| < Dκ. Let {γi j : [0, d(xi, x j)] → X |
0 ≤ i < j ≤ 3, (i, j) , (0, 3)} be a family of geodesics between these points, and
∆x0x1x2 and ∆x1x2x3 be its geodesic triangles. (See Figure 2.) Because |x| is smaller
than Dκ, the geodesic triangles ∆x0x1x2 and ∆x1x2x3 are both κ-small. Note that the
comparison triangles ∆˜x0x1x2 and ∆˜x1x2x3 are both degenerated because they are on
some semi-spheres of S κ. Hecne by the CAT(κ) inequality, the unions of geodesics
γ01 ∪ γ12 and γ12 ∪ γ23 coincide with γ02 and γ13 respectively. Therefore the map
γ02 ∪ γ23 can be defined and is locally geodesic, which is actually a geodesic
because of the inequality |x| < Dκ ≤ lX as shown in Lemma 4.4. Then we have
d(x0, x3) = d(x0, x1) + d(x1, x2) + d(x2, x3), which contradicts that the chain x is a
4-cut. Thus we obtain mX ≥ Dκ.
Next we show the latter inequality. Assume lX < mX. Then there exists a
locally geodesic map γ : [0, c] → X which is not a geodesic and is satisfying lX ≤
|γ| < mX. Take a > 0 as the supremum of the number t such that γ|[0,t] is a geodesic.
Let ε be a sufficiently small positive number. Let b > a be the supremum of the
number t such that γ|[a−ε,t] is a geodesic. (See Figure 3.) If
∣∣∣γ|[0,b]
∣∣∣ is smaller than lX,
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Figure 2: Description for the proof of Theorem 4.5
Figure 3: Description for the proof of Theorem 4.5
then γ|[0,b] is a geodesic, which contradicts the assumption a < c. Hence we have∣∣∣γ|[0,b]
∣∣∣ ≥ lX. Note that the proper chain (γ(0), γ(a − ε), γ(a), γ(b)) has no singular
points other than end points, but is not a 4-cut because we have
∣∣∣γ|[0,b]
∣∣∣ ≤ |γ| < mX.
Similarly, neither is (γ(t1), γ(a − ε), γ(a), γ(t2)) for 0 ≤ t1 ≤ a − ε and a ≤ t2 ≤ b .
Hence we have d(γ(t2), γ(t1)) = (a−ε− t1)+ (a− (a−ε))+ (t2 −a) = t2− t1, which
implies that γ|[0,b] is a geodesic. Thus we obtain a contradiction and conclude
lX ≥ mX. 
Corollary 4.6. Let (X, d) be a geodesic CAT(κ) space. Then for every n > 0 and
0 < l < Dκ, the magnitude homology MH
l
n(X) vanishes.
Proof. By Theorem 3.7 (3) and Theorem 4.5, we have MHln(X) 
⊕
|F|=l MH
F
n (X)
for 0 < l < Dκ. We show that every interval poset I(x, y) is totally ordered for
d(x, y) < Dκ, which implies that MH
F
n (X) = 0 for |F | < Dκ by Theorem 3.10. Let
a be a smooth point between x and y. Let xy, xa and ay be geodesics connecting
each pair of points. Then the geodesic triangle ∆xay is κ-small since d(x, y) < Dκ,
hence the point a is on xy. Thus we conclude that xy is the unique geodesic
connecting x and y, and the interval poset I(x, y) is precisely equal to xy which is
totally ordered. 
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Example 4.7. For the circle C1/
√
κ of radius 1/
√
κ and the n-sphere Snκof radius
1/
√
κ, we have
MHln(C1/
√
κ) = MH
l
n(S
n) = 0,
for 0 < l < pi/
√
κ and n > 0.
Example 4.8. For the n-dimensional Euclidean space En, the n-dimensional hy-
perbolic spaceHn, and every tree T , themagnitude homology MHln(E
n), MHln(H
n),
and MHln(T ) vanishes for all l > 0 and n > 0.
5 Closed geodesics represent non-trivial Magnitude
homology classes
In this section, we show that an existence of closed geodesic in a metric space X
guarantees the non-triviality of the second magnitude homology MH∗2(X). As a
corollary, we give a criterion of being CAT(κ) for for a cocompact proper geodesic
metric space X of curvature ≤ κ from a viewpoint of the second magnitude ho-
mology. We begin by clarifying the definition of the closed geodesic.
Definition 5.1. Let X be a metric space, and let Cr be the circle of radius r. An
isometry ρ : Cr → X is called a closed geodesic of radius r (or of length 2pir ) in
X.
Proposition 5.2. Let (X, d) be a metric space, and let ρ : Cr → X be a closed
geodesic. Let 0, 1 ∈ Cr be a pair of antipodal points. Then the interval poset
I(ρ(0), ρ(1)) has at least two connected components.
Proof. Let U,V be semicircles in Cr with Cr = U ∪ V and U ∩ V = {0, 1}. Take
points x ∈ U − {0, 1} and y ∈ V − {0, 1}, and assume ρ(x) ≤ ρ(y) in the poset
I(ρ(0), ρ(1)). Namely, we have
d(ρ(0), ρ(y)) = d(ρ(0), ρ(x)) + d(ρ(x), ρ(y)).
Since we have ρ(0) ≺ ρ(x) ≺ ρ(1) and ρ(0) ≺ ρ(y) ≺ ρ(1), we obtain
d(ρ(x), ρ(1)) = d(ρ(0), ρ(1)) − d(ρ(0), ρ(x))
= d(ρ(0), ρ(1)) − d(ρ(0), ρ(y)) + d(ρ(x), ρ(y))
= d(ρ(y), ρ(1)) + d(ρ(x), ρ(y))
We also have either
d(ρ(x), ρ(y)) = d(ρ(x), ρ(1)) + d(ρ(1), ρ(y))
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or
d(ρ(x), ρ(y)) = d(ρ(x), ρ(0)) + d(ρ(0), ρ(y)).
Hence we obtain
d(ρ(y), ρ(1)) = 0,
or
d(ρ(x), ρ(1)) − d(ρ(x), ρ(0)) = pir,
respectively. Each case implies y = 1 or x = 0, which is a contradiction. Hence
any pair of points in ρ(U−{0, 1}) and ρ(V−{0, 1}) are uncomparable, which implies
the order complex ∆(I(ρ(0), ρ(1))) is not connected. 
Theorem 5.3. Let X be a metric space. If there exists a closed geodesic of radius
r in X, then we have MHpir
2
(X) , 0.
Proof. Let ρ be a closed geodesic of radius r, and let ρ(0) and ρ(1) be antipodal
points of it. Then for the proper 1-chain F = (ρ(0), ρ(1)), there exist an injection
MHF2 (X) → MH |F|2 (X) by Theorem 3.7 (3). Furthermore, we have MHF2 (X) 
H0(C∗(∆(I(ρ(0), ρ(1))))) by Theorem 3.10, and Proposition 5.2 implies this is non-
zero. Hence the statement follows. 
Corollary 5.4. Let X be a cocompact proper geodesic metric space of curvature
≤ κ. Then the following are equivalent.
(i) X fails to be CAT(κ).
(ii) there exist a closed geodesic of length < 2Dκ.
(iii) MH
<Dκ
2
(X) , 0.
Proof. By Proposition 2.21, (i) implies (ii). By Theorem 5.3, (ii) implies (iii). By
Corollary 4.6, (iii) implies (i). 
In particular, the equivalence of (i) and (iii) in Corollary 5.4 gives a criterion
of being CAT(κ) for a cocompact proper geodesic metric space ( especially for
compact or homogeneous Riemannian manifold ) whose curvature is bounded
from above.
6 Magnitude homology of non-CAT(κ)metric spaces
of curvature ≤ κ
In this section, we study the magnitude homology of proper geodesic metric
spaces by using the injectivity radi and the systoles. As a corollary, we obtain a
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Figure 4: Description for the proof of Proposition 6.1
vanishing theorem for magnitude homology of cocompact proper geodesic metric
spaces, and give a partial computation of magnitude homology of the projective
spaces RPn with the standard metric.
Proposition 6.1. For a metric space X, we have
2ιX ≤ Sys(X),
and
2lX ≤ Sys(X).
Proof. The former inequality is immediate. For the latter, suppose Sys(X) < 2lX.
Then there exist a closed geodesic c : Cr → X of length 2pir < 2lX − 2δ for small
δ > 0. Then the restriction of c on the interval [0, pir + δ] is locally geodesic but
not a geodesic, with length pir + δ < lX. Hence we obtain a contradiction. 
Proposition 6.2. Let (X, d) be a proper geodesic metric space of curvature ≤ κ. If
the injectivity radius ιX is no greater than Dκ, then we have
ιX ≤ lX.
For the proof of Proposition 6.2, we use the Arzela`-Ascoli theorem of the
following form. Recall that a sequecne of maps { fn : Y → X} between metric
spaces is called equicontinuous if for any positive number ε there exists a positive
number δ such that d( fn(a), fn(b)) < ε holds for every n and a, b ∈ Y with d(a, b) <
δ.
Lemma 6.3. Let X be a compact metric space, and {γn : [0, 1] → X} be an
equicontinuous sequence of maps. Then there exist a subsequence {γni} which
uniformly converges to a continuous map γ : [0, 1] → X.
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Proof. See for example [1] Chapter I Lemma 3.10. 
Proof of Proposition 6.2. Suppose lX < ιX. Then there exist a locally geodesic
path γ : [0, L] → X which is not a geodesic, satisfying lX ≤ |γ| < ιX. Let 0 < a < 1
be the supremum of the number 0 ≤ t < 1 such that γ|[0,t] is a geodesic. Then γ|[0,a]
is a geodesic by the continuity of d. Let α be a positive number such that γ|[a,a+α]
is a geodesic. We have α > 0 by the assumption. We linearly reparametrize γ|[0,a]
and γ|[a,a+α] so that the domain of each map is [0, 1]. Let δ : [0, 1] → X be the lin-
early reparametrized geodesic connecting γ(0) and γ(a+α). Let γs : [0, 1] → X be
the linearly reparametrized geodesic connecting γ(a) and δ(s) for 0 ≤ s ≤ 1. Note
that γ|[0,a] = γ0 and γ|[a,a+α] = γ1. We show that the maps {γs} varies continuously
with s. Let {sn} be a sequence of points of the interval [0, 1] converging to a point
s′ ∈ [0, 1]. Let Θ be the set of subsets θ in N such that the subsequence {γsi | i ∈ θ}
uniformly converges. We have Θ , ∅ by Lemma 6.3. Since d(γ(a), δ(s′)) < ιX,
the convergent curve of θ’s are unique, and it is γs′ . Hence Θ is a inductive set,
and there exist a maximal element θ in Θ by Zorn’s lemma. If N − θ is an infinite
set, there eixst subset of this which is an element of Θ by Lemma 6.3. It contra-
dicts to the maximality of θ. Therefore the sequence {γsn} uniformly coverges to
γs′ , which implies geodesics varies continuously. Then by Proposition 2.16, the
angles of ∆γ(0)γ(a)γ(a+α) are no greater than the corresponding angles of compari-
son triangle in S κ. Since γ is locally geodesic, the angle at γ(a) is pi, hence the
comparison triangle is degenerated. Thus the angles at γ(0) and γ(a + α) are both
0. Let p be a point on δ apart from γ(a + α) by α. Then by Proposition 2.4 and
Proposition 2.16, the angle at γ(a + α) of the comparison triangle ∆˜γ(a)pγ(a+α) in
S κ is 0. Hence ∆˜γ(a)pγ(a+α) is degenerated, and we obtain γ(a) = p. Then we have
γ|[0,a+α] = δ by |γ| < ιX, which contradicts to the definition of a. Therefore we
obtain lX ≥ ιX. 
Proposition 6.4. Let (X, d) be a proper geodesic metric space of curvature ≤ κ. If
the injectivity radius ιX is no greater than Dκ, then we have
ιX ≤ mX.
Proof. Suppose mX < ιX. Then there exist a 4-cut x = (x0, x1, x2, x3) with mX ≤
|x| < ιX. Let γ01, γ12 and γ02 be the linearly reparametrized geodesics connecting
each pair of points x0, x1 and x2. By the similar argument in the proof of Proposi-
tion 6.2, the geodesics connecting x1 and points on γ02 varies continuously. Then
by Proposition 2.16, the angles of ∆x0x1x2 are no greater than the corresponding
angles of comparison triangle in S κ. Note that the comparison triangle ∆˜x0x1x2 is
degenerated because it is κ-small and x1 is smooth between x0 and x2, hence x1 is
on the image of γ02 by the similar argument in the proof of Proposition 6.2. Simi-
larly, we obtain a geodesic γ13 connecting x1 and x3, and going through x2. Then
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geodesics γ02 and γ13 coincide between x1 and x2 by the assumpiton mX < ιX,
hence we obtain a locally geodesic path by glueing them. The obtained path turns
out to be a geodesic since we have |x| < ιX ≤ lX by Proposition 6.2, which contra-
dicts that d(x0, x3) < |x|. 
Corollary 6.5. Let X be a cocompact proper geodesic metric space of curvature
≤ κ which is not CAT(κ), or the standard sphere. Then for every n > 0 and every
0 < l < ιX = Sys(X)/2, the magnitude homology MH
l
n(X) vanishes.
Proof. For a standard sphere, it follows from Corollary 4.6. For X being a proper
geodesic metric space of curvature ≤ κ which is not CAT(κ), we have ιX =
Sys(X)/2 < Dκ by Proposition 2.21. Furthermore, we have ιX ≤ mX by Proposi-
tion 6.4. Hence the statement follows from the similar argument in the proof of
Corollary 4.6 and Proposition 6.4. 
Example 6.6. As mentioned in Example 2.19, the standard projective space RPn
for n ≥ 2 is of curvature ≥ 1 and is not CAT(1). Furthermore, we can immediately
check that Sys(RPn) = pi. Hence by Corollary 6.5, we obtain
MHl∗(RP
n) = 0,
for 0 < l < pi/2 and ∗ > 0.
References
[1] M. R. Bridson and A. Haefliger, Metric spaces of non-positive curvature.
Springer-Verlag, Berlin, 1999.
[2] K. Gomi, Magnitude homology of geodesic space. preprint,
arXiv:1902.07044.
[3] R. Hepworth and S. Willerton, Categorifying the magnitude of a graph. Ho-
mology Homotopy Appl. 19 (2017), no. 2, 3160. arXiv:1505.04125.
[4] T. Leinster, The magnitude of metric spaces. Doc. Math. 18 (2013), 857905.
[5] T. Leinster and M. Shulman, Magnitude homology of enriched categories
and metric spaces. preprint, arXiv:1711.00802.
[6] R. Kaneta and M. Yoshinaga, Magnitude homology of metric spaces and
order complexes. preprint, arXiv:1803.04247, 2018.
16
